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ANOVA stands for analysis of variance and is one of the basic statistical tests we can use to find
relationships between two or more variables. ANOVA compares the group means of a dependent
variable where the groups are defined by one or more independent variables. Using ANOVA, we
can find out if the group means are statistically significant, but also how much variance in the
dependent variable is explained by our independent variables.

1 Oneway ANOVA

Oneway ANOVA involves testing the relationship between two and only two variables. Let’s con-
sider the example in which income in thousands is our dependent variable and gender, coded male
and female, is our independent variable. To do ANOVA, we need to calculate the mean income for
each group in our independent variable.

Table 1: Group Means
Group Mean N
Male 49.9 95
Female 30.9 105
Total 39.9 200

1.1 Sum of Squares
ANOVA involves calculating three different sums of squares. Each also has an associated degrees

of freedom (df), with N = number of cases and K = number of groups. First, the total sum of
squares (TSS) is the sum of the square deviations of each case from the grand or total mean:

TSS = (Y — Yyrana)’
df =N -1

Second, the within sum of squares (WSS), which is also called the residual sum of squares or the
error sum of squares, is the sum of the square deviations of each case from their group mean:

WSS = (Y = Ygroup)”



df =N - K

Third, the between sum of squares (BSS), which is also called the explained sum of squares, the
regression sum of squares, or the model sum of squares, is the sum of the square deviations of the
group means from the grand mean for each case.

BSS = Z(Ygroup - 1_/vgrand)z
df = K —1

Table 2 shows how to calculate TSS by hand with a sample of the data presented in Table 1. You
calculate the deviation of each income from the grand mean by subtracting the grand mean from
the individual scores. Then you square the deviation, and then sum the squares. Tables 3 and 4
show how to compute WSS and BSS respectively.

Table 2: Calculating TSS
Case Gender Income Grand Mean Deviation Sqr Dev

1 Male 59.3 39.9 19.4 376.36
2 Male 46.5 39.9 6.6 43.56
3 Male 49.7 39.9 9.8 96.04
4 Male 45.7 39.9 5.8 33.64
5 Male 46.9 39.9 7 49
6 Female 32.2 39.9 -7.7 59.29
7 Female 36.5 39.9 -3.4 11.56
8 Female 28.9 39.9 -11 121
9 Female 49.5 39.9 9.6 92.16
10 Female 33.1 39.9 -6.8 46.24
TSS: 928.85

Table 3: Calculating WSS
Case Gender Income Group Mean Deviation Sqr Dev

1 Male 59.3 49.9 9.4 88.36
2 Male 46.5 49.9 -3.6 11.56
3 Male 49.7 49.9 -0.2 0.04
4 Male 45.7 49.9 -4.2 17.64
5 Male 46.9 49.9 -3 9
6 Female 32.2 30.9 1.3 1.69
7 Female 36.5 30.9 5.6 31.36
8 Female 28.9 30.9 -2 4
9 Female 49.5 30.9 8.6 345.96
10  Female 33.1 30.9 2.2 4.84
514.45

Since these tables only use 10 of the 200 cases, these are not the final sums of squares for our
ANOVA. The sum of squares for the full sample is in Table 5.



Table 4: Calculating BSS
Case Gender Group Mean Grand Mean Deviation Sqr Dev

1 Male 49.9 39.9 10 100
2 Male 49.9 39.9 10 100
3 Male 49.9 39.9 10 100
4 Male 49.9 39.9 10 100
5 Male 49.9 39.9 10 100
6 Female 30.9 39.9 -9 81
7 Female 30.9 39.9 -9 81
8 Female 30.9 39.9 -9 81
9 Female 30.9 39.9 -9 81
10  Female 30.9 39.9 -9 81

905

Table 5: Sum of Squares
Sum of Squares Degrees of Freedom

Between 17929.5 1
Within 20448.3 198
Total 38377.8 199

1.2 F-Test

We use these sum of squares to calculate F, our statistic for whether there is a significant difference
in group means. F is a ratio of the between mean squares to the within mean squares. Mean
squares are themselves a ratio, with the sum of squares divided by the degrees of freedom.

BSS
[ K—-1 _BMS
- WSS wMS
N_K
17929.5
1
F = 554453 = 173.61
103

This gives us the F-statistic, but now we need figure out if this is large enough to be significant. We
do that by looking up critical values of F for a given alpha. There are different tables for different
levels of alpha, usually 0.10, 0.05, and 0.01. The table in Figure 1 contains the critical values of F
for « = 0.05. Along the columns are values of degrees of freedom for the numerator, or the between
sum of squares. Along the rows are values of degrees of freedom for the denominator, or the within
sum of squares. Our BSS df is 1, and our WSS df is 198, so we look down the column for 1 df and
look for the row for 198 df. In this table, the largest df the rows go to is 120, and then it has a row
for infinity, for degrees of freedom that are very large. We can use this row. So our critical value
if 3.84. If our F-statistic is larger than the critical value, then we have a significant difference in
group means (we are able to reject our null hypothesis that the group means are equal).



for

Figure 1: Critical Values of F for a = 0.05

] i 2 3 4 5 6 7 8 9 10 12 15 20 24 30 4 60 120 ®
1[ 1614 1995 2157 2246 2302 2340 2368 2389 2405 2419 2439 2459 2480 2491 2501 251.1 2522 2533 2543
2] 1851 1900 1916 1925 1930 1933 1935 1937 1938 1940 1941 1943 1945 1945 1946 1947 1948 1949 1950
3| 1013 955 928 912° 901 894 889 885 881 879 874 870 866 864 862 859 85 85 853
4 .71 694 659 639 626 616 609 604 6.00 5.96 591 5.86 5.80 5.77 5.75 572 5.69 5.66 563
s| 661 579 541 519 505 495 48 482 477 474 468 462 456 453 450 446 443 440 436
8| 599 3514 476 453 439 428 421 415 410 406 400 394 387 384 381 377 374 370 367
7 559 474 435 412 397 387 379 373 368 364 357 3.51 34 341 338 334 3.30 327 323
8| 332 44 407 384 369 358 350 344 339 335 328 322 315 312 308 304 301 297 293
9 512 426 38 363 348 337 329 323 3.18 314 3.07 3.01 294 290 2.86 283 2.79 275 27
5 10| 4% 410 371 348 333 32 314 307 302 298 291 285 277 274 270 266 262 258 254
8 11| 484 398 359 336 320 309 301 295 290 285 279 272 265 261 25 253 249 245 240
€ 12| 475 389 349 326 311 300 291 28 280 275 269 262 254 251 247 243 238 234 230
§ 13| 467 381 341 318 303 292 28 277 271 267 260 253 246 242 238 234 230 225 22l
3 14 460 374 334 31 296 285 276 270 2.65 2.60 253 246 239 235 231 2.27 222 218 213
5 15| ase 36 329 306 20 279 271 264 25 254 248 240 233 229 225 220 216 211 207
® 16| 440 363 324 301 28 274 266 259 254 249 24 235 238 224 219 215 211 206 201
17| 245 380 320 296 281 270 261 255 249 245 238 231 223 219 215 210 206 201 1%
§ 18| 441 3% 316 293 277 266 258 251 246 241 234 227 219 215 211 206 202 197 12
E 9 438 352 313 29 274 263 254 248 242 238 23 223 216 21 207 2.03 1.98 1.93 1.88
% 20| 435 349 310 287 271 260 251 245 239 235 228 220 212 208 204 199 195 190 184
g 21| 42 347 307 28 268 23 24 24 23 23 225 218 210 205 201 19 192 18 18
22| 430 344 305 28 266 255 246 240 234 230 223 215 207 203 198 194 18 184 178
S 73| 428 342 303 280 264 253 244 237 232 227 220 213 205 201 1% 191 18 181 176
1"’ 24| 426 340 3.01 278 262 251 242 236 2.30 225 218 241 203 1.98 194 1.89 184 1.79 1.73
£ 25| 424 339 299 276 260 249 240 234 228 224 216 209 201 19 192 18 18 177 17
%| 423 337 28 274 259 247 239 232 227 22 215 207 19 195 130 18 18 175 169
27 41 335 296 273 257 246 237 231 225 220 213 2.06 197 193 1.88 1.84 1.79 1.73 1.67
8| 420 33 205 271 256 245 236 229 224 219 212 204 19 191 18 18 177 171 165
29 418 333 293 270 255 243 235 228 222 218 210 203 1.94 1.90 1.85 1.81 1.75 1.70 1.64
30| 417 332 292 269 253 242 233 227 221 216 209 200 183 18 184 179 174 168 162
40 408 323 284 261 245 234 225 218 212 208 200 192 1.84 1.79 1.74 1.69 1.64 1.58 1.51
6| 400 315 276 253 237 225 217 210 2084 199 192 18 175 170 165 159 153 147 139
ol 392 307 268 245 220 217 209 202 19 191 18 175 166 161 15 150 143 135 125
@ 384 300 260 237 221 210 201 194 188 183 1.75 1.67 157 1.52 1.46 139 1.32 1.22 1.00
1.3 Oneway ANOVA in Stata

To perform oneway ANOVAs in Stata, use the oneway command followed by your dependent

variable then your independent variable:

oneway income gender

Source

Analysis of Variance

SS

df

MS

Prob > F

173.61

Between groups
Within groups

17929 .5346
20448.2833

1

198

17929.5346
103.274158

0.0000

38377.8179

199

Bartlett’s test for equal variances:

192.853356

chi2(1) =

0.1476 Prob>chi2 = 0.701

As you can see, Stata gives us the between, within, and total sums of squares, the degrees of
freedom, the mean sums of squares, and the F statistic.

2 ANOVA with two or more independent variables

We are not restricted to only two variables with ANOVA. We can investigate whether there is a
relationship among three or more variables. In other words, we can see if our dependent variable



varies according to values of two or more categorical independent variables. When we do this, we
are investigating whether variable A has an effect on our dependent variable in the presence of, or
controlling for, variable B. Sometimes this is referred to as factorial ANOVA.

Extending our example from before, let’s say we add an education variable. It has three categories
for arbitrarily low, medium, and high levels of education. The income means and frequencies of
each group defined by gender and education are in Table 6.

Table 6: Means and Frequencies of Income

Gender \ Low Medium High | Total
Female | 21.24  36.23  53.14 | 30.90
43 57 5 105
Male 25.53  41.18  57.33 | 49.86
1 42 52 95
Total 21.34  38.33  56.96 | 39.90
44 99 57 200

It looks like there is a relationship between education and income, as well as between sex and
income. Often, we’ll want to test not only if a relationship exists between the two independent
variables and the dependent variable, but if the effect on one variable depends on the value of the
other variable. In our example, we could imagine that the effect of education on income might be
different depending on whether the case is a man or a woman. In regression analysis, we would
say the slopes of income on education differ for men and women. When this happens, we call it
an interaction effect. Two independent variables are interacting with one another to produce the
dependent variable. We often include interaction terms in factorial ANOVA.

To perform a factorial ANOVA in Stata, we use the anova command:

. anova income gender educ gender#educ
Number of obs = 200 R-squared = 0.8518
Root MSE = 5.41373 Adj R-squared = 0.8480
Source | Partial SS daf MS F Prob > F
_____________ +____________________________________________________
Model | 32691.9761 5 6538.39521 223.09 0.0000
I
gender | 140.544649 1 140.544649 4.80 0.0297
educ | 5411.68372 2 2705.84186 92.32 0.0000
gender#educ | 2.50078462 2 1.25039231 0.04 0.9582
I
Residual | 5685.84179 194 29.3084628
_____________ +____________________________________________________
Total | 38377.8179 199 192.853356

Like in oneway we type the dependent variable immediately after the command, then a list of our
independent variables. Notice what we had to do for our interaction term. In Stata, we specify an
interaction term with the pound sign (#). We could have also typed the command:

anova income gender##educ



This would have produced the same results. Typing two pound signs in a row tells Stata include all
possible combinations of variables, making it easier to specify three-way interactions (interactions
between three, or more, variables). For more information about how Stata works with factorial
variables, you can type help fvvarlist.

If we look back at our results, we’ll find several F-tests. Let’s go from bottom to top. The first F-
test is for the interaction term. Here the interaction term is testing whether the effect of education
on income depends on the value of gender (or whether the effect of gender on income depends on
the value of education, both are correct). If we think about the two by two table of means (Table
6), the difference in mean income between men and women is different for each value of education.
According to our F-test, this is not the case. We have an incredibly small F statistic. So the effect
of education on income is the same for men and women (or the effect of gender on income is the
same for all values of education).

The next F-test is for the education term alone. This tests whether the mean income differs among
values of education, controlling for gender. We can see from the F-test that this is the case - our F
statistic is very large, indicating that the different groups defined by education have different mean
incomes. Similarly, the F-test for gender tests whether men and women have different incomes,
controlling for education. This F-test is a little less clear. Our F statistic may be significant
depending on the value of a we choose. Finally, we have the F-test for the overall model. This
tests whether the three terms taken overall have significant differences in their groups means. Or
we can think about it as using gender, education, and an interaction term is better at predicting
income than the grand mean of income by itself.

2.1 Incremental F-test

What’s nice about Stata is that it does a lot of work for us. For example, each of the F-tests
for individual terms in the output above are incremental F-tests. Incremental F-tests test the
significance of individual terms, or groups of terms, in a model by comparing that model (called
the full model) to a model missing the term or terms you want to test the significance of (this
smaller model is called the nested model). Normally, it would be pretty tedious for us to calculate
those by hand. To see how it works, though, let’s calculate one by hand. We have a full, saturated
interaction model above. Let’s calculate the incremental F-test for the interaction term. We’ll need
the additive model to do this. Remember, the additive model is model with no interactions.



. anova income gender educ

Number of obs = 200 R-squared = 0.8518
Root MSE = 5.38722 Adj R-squared = 0.8495
Source | Partial SS df MS F Prob > F
___________ +____________________________________________________
Model | 32689.4753 3 10896.4918 375.45 0.0000
I
gender | 688.562334 1 688.562334 23.73 0.0000
educ | 14759.9407 2 7379.97035 254.29 0.0000
I
Residual | 5688.34257 196 29.022156
___________ +____________________________________________________
Total | 38377.8179 199 192.853356

So we have our interaction model with Model SS = 32691.98 and df = 5, and we have our additive
model with Model SS = 32689.48 and df = 3. The equation for the incremental F-test is:

Reg SS, full — Reg SS, nested
df, full — df, nested
Res SS, full
df, full

F=

Where the full model is the model with the interaction terms and the nested model is the additive
model. All terms in the nested model should appear in the full model. So if we plug in our
values:

32691.98 — 32689.48

_ 53
5685.84
194
2.5
__2_
29.31
= 0.0426

Which is the same F statistic Stata gave us for the interaction term. When we do an incremental
F-test, we are testing the significance of the term(s) we left out of the nested model. Here, we left
out the interaction term in the nested model, so that is the F-test we calculated.



